Introduction {#Sec1}
============

Dimensionality reduction is an essential step in numerous machine learning tasks. Methods such as Principal Component Analysis (PCA) (Jolliffe [@CR19]), Multidimensional Scaling (MDS) (Kruskal [@CR22]), Isomap (Tenenbaum et al. [@CR54]) and Local Linear Embedding (Roweis and Saul [@CR41]) aim to extract essential information from high-dimensional data points based on their pairwise connectivities. Graph-based kernel methods such as Laplacian Eigenmaps (Belkin and Niyogi [@CR2]) and Diffusion Maps (DM) (Coifman and Lafon [@CR10]), construct a positive semi-definite kernel based on the multidimensional data points to recover the underlying structure of the data. Such methods have been proven effective for tasks such as clustering (Luo [@CR33]), classification (Lindenbaum et al. [@CR27]), manifold learning (Lin et al. [@CR31]) and many more.

Kernel methods rely on computing a distance function (usually Euclidean) between all pairs of data points $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{x}}_i,{\varvec{x}}_j\in {\varvec{X}} \in {\mathbb {R}}^{D \times N}$$\end{document}$ and application of a data dependent kernel function. This kernel should encode the inherited relations between high-dimensional data points. An example for a kernel that encapsulates the Euclidean distance takes the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\mathcal {K}}}({\varvec{x}}_i,{\varvec{x}}_j)\triangleq {{\mathcal {K}}}\left( \frac{||{\varvec{x}}_i-{\varvec{x}}_j||^2}{\epsilon } \right) =K_{i,j}, \end{aligned}$$\end{document}$$(where $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert \cdot \Vert $$\end{document}$ denotes the Euclidean norm). As shown, for example, in Roweis and Saul ([@CR41]), Coifman and Lafon ([@CR10]), spectral analysis of such a kernel provides an efficient representation of the lower (*d*-) dimensional data (where $\documentclass[12pt]{minimal}
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                \begin{document}$$d\ll D$$\end{document}$) embedded in the ambient space. Devising the kernel to work successfully in such contexts requires expert knowledge for setting two parameters, namely the scaling $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ (Eq. [1.1](#Equ1){ref-type=""}) and the inferred dimension *d* of the low-dimensional space. We focus in this paper on setting the scale parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$, sometimes also called the *kernel bandwidth*.

The scale parameter is related to the statistics and to the geometry of the data points. The Euclidean distance, which is often used for learning the geometry of the data, is meaningful only locally when applied to high-dimensional data points. Therefore, a proper choice of $\documentclass[12pt]{minimal}
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                \begin{document}$$ \epsilon $$\end{document}$ should preserve local connectivities and neglect large distances. If $\documentclass[12pt]{minimal}
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                \begin{document}$$ \epsilon $$\end{document}$ is too large, there is almost no preference for local connections and the kernel method is reduced essentially to PCA (Lindenbaum et al. [@CR27]). On the other hand, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ is too small, the matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\varvec{K}} $$\end{document}$ (Eq. [1.1](#Equ1){ref-type=""}) has many small off-diagonal elements, which is an indication of a poor connectivity within the data.

Several studies have proposed different approaches for setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$. A study by Lafon et al. ([@CR23]) suggests a method which enforces connectivity among most data points---a rather simple method, which is nonetheless sensitive to noise and to outliers. The sum of the kernel is used by Singer et al. ([@CR48]) to find a range of valid scales, this method provides a good starting value but is not fully automated. An approach by Zelnik-Manor and Perona ([@CR61]) sets an adaptive scale for each point, which is applicable for spectral clustering but might deform the geometry. As a result, there is no guarantee that the rescaled kernel has real eigenvectors and eigenvalues. Others simply use the squared standard deviation (mean squared Euclidean distances from the mean) of the data as $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$, this again is very sensitive to noise and to outliers.

Kernel methods are also used for Support Vector Machines (SVMs, Scholkopf and Smola [@CR44]), where the goal is to find a feature space that best separates given classes. Methods such as (Gaspar et al. [@CR16]; Staelin [@CR51]) use cross-validation to find the scale parameter which achieves peak classification results on a given training set. The study by Campbell et al. ([@CR6]) suggests an iterative approach that updates the scale until reaching maximal separation between classes. Chapelle et al. ([@CR8]) relate the scale parameter to the feature selection problem by using a different scale for each feature. This framework applies gradient descent to a designated error function to find the optimal scales. These methods are good for classification, but require to actually re-classify the points for testing each scale.

In this paper we propose methods to estimate the scale which do not require the repeated application of a classifier to the data. Since the value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ defines the connectivity of the resulted kernel matrix (Eq. [1.1](#Equ1){ref-type=""}), its value is clearly crucial for the performance of kernel based methods. Nonetheless, the performance of such methods depends on the training data and on the optimization problem in hand. Thus, in principle we cannot define an 'optimal' scaling parameter value independently of the data. We therefore focus on developing tools to estimate a scale parameter based on a given training set. We found that there are almost no simple methods focusing on finding element-wise (rather than one global) scaling parameters dedicated for manifold learning. Neither are there methods that try to maximize classification performance without directly applying a classifier. For these reasons we propose new methodologies for setting $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$, dedicated either to manifold learning or to classification.

For the manifold learning task, we start by estimating the manifold's intrinsic dimension. Then, we introduce a vector of scaling parameters $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{\epsilon }}=[\epsilon _1,...,\epsilon _D]$$\end{document}$, such that each value $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _i,i=1,...,D$$\end{document}$, rescales each feature. We propose a special greedy algorithm to find the scaling parameters which best capture the estimated intrinsic dimension. This approach is analyzed and simulated to demonstrate its advantage.

For the classification task, we propose three methods for finding a scale parameter. In the first, by extending (Lindenbaum et al. [@CR30]) we seek a scale which provides the maximal separation between the classes in the extracted low-dimensional space. The second is based on the eigengap of the kernel. It is justified based on the analysis of a perturbed kernel. The third method sets the scale which maximizes the within-class transition probability. This approach does not require to compute an eigendecomposition.

Additionally, we provide new theoretical justifications for the eigengap-based method, as well as new simulations to support all methods. Interestingly, we also show empirically that all the three methods converge to a similar scale parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$.

The structure of the paper is as follows: Preliminaries are given in Sect. [2](#Sec2){ref-type="sec"}. Section [3](#Sec5){ref-type="sec"} presents and analyzes two frameworks for setting the scale parameter: the first is dedicated to a manifold learning task while the second fits a classification task. Section [4](#Sec12){ref-type="sec"} presents experimental results. Finally, in Sect. [5](#Sec22){ref-type="sec"} we demonstrate the applicability of the proposed methods for the task of learning seismic parameters from raw seismic signals.

Preliminaries {#Sec2}
=============

We begin by providing a brief description of two methods used in this study: A kernel-based method for dimensionality reduction called *Diffusion Maps* (Coifman and Lafon [@CR10]); and *Dimensionality from Angle and Norm Concentration* (DANCo, Ceruti et al. [@CR7]), which estimates the intrinsic dimension of a manifold based on the ambient high-dimensional data. In the following, vectors and matrices are denoted by bold letters, and their components are denoted by the respective plain letters, indexed using subscripts or parentheses.

Diffusion maps (DM) {#Sec3}
-------------------

DM (Coifman and Lafon [@CR10]) is a nonlinear dimensionality reduction framework that extracts the intrinsic geometry from a high-dimensional dataset. This framework is based on the construction of a stochastic matrix from the graph of the data. The eigendecomposition of the stochastic matrix provides an efficient representation of the data. Given a high-dimensional dataset $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\varvec{X}} \in {\mathbb {R}}^{D \times N}$$\end{document}$, the DM framework construction consists of the following steps: A kernel function $\documentclass[12pt]{minimal}
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                \begin{document}$$ {{{\mathcal {K}}} : {\varvec{X}}\times {{\varvec{X}}}\longrightarrow {{\mathbb {R}}} } $$\end{document}$ is chosen, so as to compute a matrix $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{K}} \in {{\mathbb {R}}^{N \times N}}$$\end{document}$ with elements $\documentclass[12pt]{minimal}
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                \begin{document}$$K_{i,j}={{\mathcal {K}}}({\varvec{x}}_i,{\varvec{x}}_j)$$\end{document}$, satisfying the following properties: (i) Symmetry: $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{K}}={\varvec{K}}^T$$\end{document}$; (ii) Positive semi-definiteness: $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{K}}\succeq {\varvec{0}}$$\end{document}$, namely $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{v}}^T {\varvec{K}} {\varvec{v}} \ge 0$$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{v}} \in {\mathbb {R}}^N$$\end{document}$; and (iii) Non-negativity: $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall i,j\in \{1\ldots N\}$$\end{document}$. These properties guarantee that $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{K}}$$\end{document}$ has real-valued eigenvectors and non-negative real-valued eigenvalues.In this study, we focus on the common choice of a *Gaussian kernel* (see Eq. [1.1](#Equ1){ref-type=""}) $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\mathcal {K}}}({\varvec{x}}_i,{\varvec{x}}_j)\triangleq K_{i,j}=\exp \left( {-\frac{||{\varvec{x}}_i-{\varvec{x}}_j||^2}{2 \epsilon } }\right) ,i,j\in \{1\ldots N\}, \end{aligned}$$\end{document}$$ as the affinity measure between two multidimensional data vectors $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{x}}_j$$\end{document}$;Obviously, choosing the kernel function entails the selection of an appropriate scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$, which determines the degrees of connectivities expressed by the kernel.By normalizing the rows of $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{K}}$$\end{document}$, the row-stochastic matrix $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\varvec{P}}\triangleq {\varvec{D}}^{-1}{\varvec{K}}\in {\mathbb {R}}^{N\times N} \end{aligned}$$\end{document}$$ is computed, where $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{D}}\in {\mathbb {R}}^{N\times N}$$\end{document}$ is a diagonal matrix with $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{P}}$$\end{document}$ can be interpreted as the transition probabilities of a (fictitious) Markov chain on $\documentclass[12pt]{minimal}
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                \begin{document}$$\left[ ({\varvec{P}})^t\right] _{i,j}\triangleq p_t({\varvec{x}}_i,{\varvec{x}}_j)$$\end{document}$ (where *t* is an integer power) describes the implied probability of transition from point $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{x}}_j$$\end{document}$ in *t* steps.Spectral decomposition is applied to $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{P}}$$\end{document}$, yielding a set of *N* eigenvalues $\documentclass[12pt]{minimal}
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                \begin{document}$${\lbrace {\lambda _n}\rbrace } $$\end{document}$ (in descending order) and associated normalized eigenvectors $\documentclass[12pt]{minimal}
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                \begin{document}$${ {{\varvec{P}}} {{{\varvec{\psi }}}_n} =\lambda _n{{{\varvec{\psi }}}}_n, n\in \{0\ldots N-1\}} $$\end{document}$;A new representation for the dataset $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} { {\varvec{\Psi }}_{\epsilon }{({\varvec{x}}_i)}: {\varvec{x}}_i \longmapsto \begin{bmatrix} { \lambda _1\psi _1(i)} , { \lambda _2\psi _2(i)} , { \lambda _3\psi _3(i)} , {.} {.} {.} , {\lambda _{N-1}\psi _{N-1}(i)}\\ \end{bmatrix}^T \in {{\mathbb {R}}^{N-1}} }, \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$ is the scale parameter of the Gaussian kernel (Eq. [2.1](#Equ2){ref-type=""}) and $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi _m(i)$$\end{document}$ denotes the *i*th element of $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{\psi }}_0={\varvec{1}}$$\end{document}$ doesn't carry information about the data.The main idea behind this representation is that the Euclidean distance between two multidimensional data points in the new representation is equal to the weighted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_2$$\end{document}$ distance between the conditional probabilities $\documentclass[12pt]{minimal}
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Intrinsic dimension estimation {#Sec4}
------------------------------
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DM as described in Sect. [2](#Sec2){ref-type="sec"} is an efficient method for dimensionality reduction. The method is almost completely automated, and does not require tuning many hyper-parameters. Nonetheless, its performance is highly dependent on proper choice of $\documentclass[12pt]{minimal}
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Existing methods {#Sec6}
----------------
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In this subsection we propose a framework for setting the scale parameter $\documentclass[12pt]{minimal}
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The computational complexity of this algorithm with *k* hypotheses of $\documentclass[12pt]{minimal}
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Due to the greedy nature of the algorithm, its performance depends on the order of the *D* features. We further propose to reorder the features using a soft feature-selection procedure. The studies in Cohen et al. ([@CR9]), Lu et al. ([@CR32]), Song et al. ([@CR49]) suggest an unsupervised feature selection procedure based on PCA. The idea is to use the features which are most correlated with the top principle components. We propose an algorithm for reordering the features based on their correlation with the leading coordinates of the DM embedding. The algorithm (Algorithm 3.3 below) is called Correlation Based Feature Permutation (CBFP), and uses the correlation between the *D* features and $\documentclass[12pt]{minimal}
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Some remarks on the uniform distribution and finite sample assumptions: The derivation in Eq. ([3.7](#Equ13){ref-type=""}) is based on the assumption that the distribution of $\documentclass[12pt]{minimal}
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In Sect. [4.1](#Sec13){ref-type="sec"} below, we evaluate the performance of Algorithms 3.2 and 3.3 when applied to synthetic data embedded in artificial manifolds.
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                \begin{document}$$\epsilon $$\end{document}$ for classification {#Sec8}
-------------------------------------------------------------------------------

Classification algorithms use a metric space and an induced distance to compute the category of unlabeled data points. Dimensionality reduction is effective for capturing the essential intrinsic geometry of the data and neglecting the undesired information (such as noise). Therefore, dimensionality reduction can drastically improve classification results (Lindenbaum et al. [@CR27]). As previously mentioned, $\documentclass[12pt]{minimal}
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Studies such as by Gaspar et al. ([@CR16]) and by Staelin ([@CR51]) use a cross-validation procedure and select the scale $\documentclass[12pt]{minimal}
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In this subsection we focus on DM for dimensionality reduction and demonstrate the influence of the scale parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{{\varvec{\epsilon }}}$$\end{document}$. **a** The first two dimensions of high-dimensional Gaussian classes. **b** The probabilistic approach- the scale is estimated based on modified transition matrices. **c** The geometric approach- the scale is estimated based on the geometry of the embedding. **d** The spectral approach- the scale is estimated based on a generalized eigengap computed for each scale within the hypothesis range

### The geometric approach {#Sec9}
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### The spectral approach {#Sec10}

In this subsection, we analyze the relation between the spectral properties of the kernel and its corresponding low-dimensional representation. We start the analysis by constructing an ideal training set, with well separated classes. Then, we add a small perturbation to the training set and compute the perturbed affinity matrix $\documentclass[12pt]{minimal}
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The Ideal Case: We begin the discussion by considering an ideal classification setting, in which the $\documentclass[12pt]{minimal}
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#### Proposition 3.3.1 {#FPar2}
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#### Theorem 3.2 {#FPar7}
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Experimental results {#Sec12}
====================

In this section we provide some experimental results, showing and comparing the different approaches (outlined in the previous section) in their respective contexts. We begin by demonstrating our proposed manifold-based scaling in Sect. [4.1](#Sec13){ref-type="sec"}, and then demonstrate the classification-based scaling approaches in Sect. [4.2](#Sec16){ref-type="sec"}.

Manifold learning {#Sec13}
-----------------

In this subsection we evaluate the performance of the proposed manifold-based approach by embedding a low-dimensional manifold which lies in a high-dimensional space. We consider two datasets: A synthetic set and a set based on an image taken from the MNIST database.

### A synthetic dataset {#Sec14}

The first experiment is constructed by projecting a 3-dimensional synthetic manifold into a high-dimensional space, then concatenating it with Gaussian noise. Data generation is done according to the following steps:First, a 3-dimensional Swiss Roll is constructed based on the following function $$\documentclass[12pt]{minimal}
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To evaluate the proposed framework, we apply Algorithm 3.1 followed by Algorithm 3.2, and extract a low-dimensional embedding (Fig. [2](#Fig2){ref-type="fig"}).Fig. 3Extracted DM-based embedding of the "noisy" Swiss roll using different methods for choosing the scale parameter $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{Y}}$$\end{document}$ defined in Eq. ([4.1](#Equ43){ref-type=""}).Fig. 4The mean square error of the extracted embedding. A comparison between the proposed normalization and alternative methods which are detailed in Sect. [3](#Sec5){ref-type="sec"}

Each embedding is computed using an eigendecomposition, therefore, the embedding's coordinates could be the same up to scaling and rotation. To overcome this ambiguity, we search for an optimal translation and rotation matrix of the following form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \bar{{\varvec{\Psi }}}_{\epsilon }({\varvec{X}})={\varvec{R}} \cdot {\varvec{\Psi }}_{\epsilon }({\varvec{X}})+{\varvec{T}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{R}}$$\end{document}$ is the rotation matrix and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{T}}$$\end{document}$ is the translation matrix, which minimizes the mis-match error$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \text {err}=||\bar{{\varvec{\Psi }}}_{\epsilon }({\varvec{X}})- {\varvec{\Psi }}_{\epsilon }({\varvec{Y}})||_F^2, \end{aligned}$$\end{document}$$defined as the sum of square distances between values of the clean mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{\Psi }}_{\epsilon }({\varvec{Y}})$$\end{document}$ and the "aligned" mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{{\varvec{\Psi }}}_{\epsilon }({\varvec{X}})$$\end{document}$. We repeat the experiment 40 times and compute the empirical Mean Square error in the embedding space defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \text {MSE}=\frac{1}{N}\sum _{i=1}^{N}({\varvec{\Psi }}_{\epsilon }({\varvec{y}}_i) -\bar{{\varvec{\Psi }}}_{\epsilon }({\varvec{x}}_i))^2. \end{aligned}$$\end{document}$$An example of the extracted embedding based on all the different methods is presented in Fig. [3](#Fig3){ref-type="fig"}, followed by the MSE in Fig. [4](#Fig4){ref-type="fig"}. It is evident that Algorithm 3.2 is able to extract a more precise embedding than the alternative scaling schemes. The strength of Algorithm 3.2 is that it emphasizes the coordinates which are essential for the embedding and neglects the coordinates which were contaminated by noise.

### MNIST manifold {#Sec15}

In the following experiment, we create an artificial low-dimensional manifold by rotating a handwritten image of a digit. First, we rotate the handwritten digit '6' from MNIST dataset by $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _N^2$$\end{document}$ independently to each pixel. An example of the original and noisy version of the handwritten '6' are shown in Fig. [5](#Fig5){ref-type="fig"}. Note that the values of the original image are in the range \[0, 1\]. In order to capture the circular structure of the manifold we apply DM to the rotated images. An example of the expected circular structure extracted by DM is depicted in Fig. [5](#Fig5){ref-type="fig"}.

We apply the different scaling schemes to the noisy images and extract a 2-dimensional DM-based embedding. For the vectorized scaling schemes (proposed and standard deviation approach) we apply the scalings to the top 50 principle components. This allows us to reduce the computational complexity, as the dimension of the feature space is reduced from 784 to 50. In this experiment we further compare to two additional local scaling schemes. The first (Vasiloglou et al. [@CR57]), which we refer to as Harmonic, and the second, presented in Taseska et al. ([@CR53]), which we refer to as LocalDM.

To evaluate the performance of the different scaling schemes, we propose the following metric to compare the extracted embedding to a perfect circle. Given a 2-dimensional representation $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _N^2$$\end{document}$ is presented in Fig. [6](#Fig6){ref-type="fig"}. As evident in this figure, up to a certain variance of the noise, the proposed scaling scheme suppresses the noise and captures the correct circular structure of the data. At some level of noise our method breaks. It seems that the standard deviation and Singer's approach also break at a similar noise level. An explanation for this phenomenon could be that at the lower SNRs all these methods start to "amplify" the noise, rather than the signal.Fig. 5Top left: an example of a clean handwritten digit of '6'. Top right: a noisy example of the digit '6'. Each pixel is added by a Gaussian noise. The noise is i.i.d. drawn from *N*(0, 0.5). Bottom left: extracted DM-based embedding from 320 rotated images of the "clean" handwritten digit. Bottom right: extracted DM-based embedding from 320 rotated images of the "noisy" handwritten digitFig. 6The normalized radius variance (NRV) of the extracted embedding from the noisy rotated digit manifold. A comparison between the proposed normalization and alternative methods which are detailed in Sect. [3](#Sec5){ref-type="sec"}

Classification {#Sec16}
--------------

In this subsection we provide empirical support for the theoretical analysis from Sect. ([3.3](#Equ8){ref-type=""}). We evaluate the influence of $\documentclass[12pt]{minimal}
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### Classification of a Gaussian mixture {#Sec17}

In the following experiment we focus on a simple classification test using a mixture of Gaussians. We generate two classes using two Gaussians, based on the following steps: Two vectors $\documentclass[12pt]{minimal}
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The first experiment evaluates the Spectral Approach (Sect. [3.3.2](#Sec10){ref-type="sec"}). Therefore, we set $\documentclass[12pt]{minimal}
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To evaluate the validity of Assumption [1](#FPar9){ref-type="sec"}, we calculate the Frobenius norm of the perturbation matrix $\documentclass[12pt]{minimal}
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### Classes based on an artificial physical process {#Sec18}

For the non-ideal case, we generate classes using a non-linear function. This non-linear function is designed to model an unknown underlying nonlinear physical process governed by a small number of parameters. Consequently, the classification task is essentially expected to provide an estimate of these hidden parameters. An example for such a problem is studied, e.g., in Lindenbaum et al. ([@CR27]), where a musical key is estimated by applying a classifier to a low-dimensional representation extracted from the raw audio signals. In the following steps we describe how we generate classes from a Spiral structure: Set the number of classes $\documentclass[12pt]{minimal}
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To evaluate the advantage of the proposed scale parameters $\documentclass[12pt]{minimal}
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We apply classification in the low-dimensional space using KNN ($\documentclass[12pt]{minimal}
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### Classification of handwritten digits {#Sec19}

In the following experiment, we use the dataset from the UCI machine learning repository (Lichman [@CR26]). The dataset consists of 2000 data points describing 200 instances of each digit from 0 to 9, extracted from a collection of Dutch utility maps. The dataset consists of multiple features of different dimensions. We use a concatenation of the Zerkine moment (ZER), morphological (MOR), profile correlations (FAC) and the Karhunen-loéve coefficients (KAR) as our features space.
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### Classification of COVID-19 using chest X-ray images {#Sec20}

In the next evaluation, we focus on classifying individuals that were infected by COVID-19. In certain individuals, the COVID-19 disease may cause symptoms of pneumonia; these individuals could be further diagnosed using chest X-ray images (Abbas et al. [@CR1]). Convolutional neural networks (CNNs) have demonstrated promising results in classification of COVID-19 based on X-ray (Sethy and Behera [@CR45]; Wang and Wong [@CR60]) or CT (Shuai et al. [@CR47]; Song et al. [@CR50]) of chest images. Here, we focus on the task of classifying COVID-19 patients based on the front view chest X-ray images. The data is collected from the Kaggle database,[1](#Fn1){ref-type="fn"} from which we have used 112 images that are split equally between two classes: healthy and COVID-19 infected.

The feature space is defined by resizing all the chest X-rays to $\documentclass[12pt]{minimal}
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Practical guidelines {#Sec21}
--------------------

Our numerical simulations demonstrate that none of the proposed scaling schemes consistently outperforms the others. Nonetheless, across all of the evaluated datasets, the best performance was obtained within the range where the $\documentclass[12pt]{minimal}
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Both the Spectral approach and the Geometric approach require a spectral decomposition. Assuming that both methods use the same number of coordinates (i.e., the embedding dimension is the same as the number of classes, $\documentclass[12pt]{minimal}
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Application: learning seismic parameters {#Sec22}
========================================

In this section we demonstrate the capabilities of the proposed approach for extracting meaningful parameters from raw seismic recordings. Extracting reliable seismic parameters is a challenging task. Such parameters could help discriminate earthquakes from explosions, moreover, they can enable automatic monitoring of nuclear experiments. Traditional methods such as Rodgers et al. ([@CR40]); Blandford ([@CR4]) use signal processing to try to analyze seismic recordings. More recent methods, such as Kortström et al. ([@CR21]); Ruano et al. ([@CR42]); Ohrnberger ([@CR36]); Beyreuther et al. ([@CR3]); Hammer et al. ([@CR17]); Del Pezzo et al. ([@CR12]); Tiira ([@CR55]) use machine learning to construct a classifier for a variety of seismic events. Here, we extend our result from Rabin et al. ([@CR38]); Lindenbaum et al. ([@CR28]), in which we have demonstrated the strength of DM for extracting seismic parameters. Our proposed method performs a vector scaling for manifold learning. Thus, essentially if the data lies on a manifold, our scaling combined with DM will extract the manifold from high-dimensional seismic recordings. Moreover, it will provide a natural feature selection procedure, thus if some features are corrupt, the proposed scaling may be able to reduce their influence.

As a test case, we use a dataset from (Rabin et al. [@CR38], [@CR39]; Lindenbaum et al. [@CR28]), which was recorded in Israel and Jordan between 2005--2015. All recordings were collected in HRFI (Harif) station located in the south of Israel. The station collects three signals from north (N), east (E) and vertical (Z). Each signal is sampled using a broadband seismometer at 40\[Hz\] and consists of $\documentclass[12pt]{minimal}
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Feature extraction {#Sec23}
------------------

Seismic events usually generate two waves, primary-waves (P) and secondary waves (S). The primary wave arrives directly from the source of the event to the recorder, while the secondary wave is a shear wave and thus arrives at some time delay. Both waves pass through different material thus have different spectral properties. This motivates the use of a time-frequency representation as the feature vector for each seismic event. The time-frequency representation used in this study is a Sonogram (Joswig [@CR20]), which offers computation simplicity while retaining the sufficient spectral resolution for the task in hand. The Sonogram is basically a spectrogram, renormalized and rearranged in a logarithmic manner. Given a seismic signal $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{X}}_Z$$\end{document}$ for the horizontal. Examples for seismic recording of an explosion and of an earthquake are presented on Fig. [15](#Fig15){ref-type="fig"}a, b. Examples of corresponding Sonograms are presented in Fig. [15](#Fig15){ref-type="fig"}a, b .Fig. 15Top: Example of a raw signal recorded from **a** an explosion and **b** earthquake. Bottom: The Sonogram matrix extracted from **c** an explosion and **d** earthquake

Seismic manifold learning {#Sec24}
-------------------------

To evaluate the proposed scaling for manifold learning, we use a subset of the seismic recording with 352 quarry blasts. The explosions have occurred at 4 known quarries surrounding the recording station HRFI. Our study in Rabin et al. ([@CR38]), Lindenbaum et al. ([@CR28]), has demonstrated that most of the variability of quarry blasts stems from the source location of each quarry, therefor, we assume that the 352 blasts lie on some low-dimensional manifold. Where the parameters of the manifold should correlate with location parameters. Our approach for setting the scale parameter provides a natural feature selection procedure. To evaluate the capabilities of this procedure we "destroy" the information in some of the features. We do this by applying a deformation function to one channel out of the three seismometer recordings. We define the input for Algorithm 3.2 as$$\documentclass[12pt]{minimal}
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                \begin{document}$$g(y)=y^{0.1}$$\end{document}$. Then, we apply DM with various scaling schemes and examine the extracted representation. In Fig.[16](#Fig16){ref-type="fig"} the two leading DM coordinates of different scaling methods are presented.Fig. 16The two leading DM coordinates of the 352 quarry blasts, colored by source quarry cluster. Scaling method based on: **a** The standard deviation of the data. **b** Singer's ([@CR48]) approach $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{MaxMin}$$\end{document}$ (Eq. [3.1](#Equ7){ref-type=""}). **d** Proposed scaling for manifold learning (detailed in Algorithm 3.2)

The quarry cluster separation is clearly evident in Fig. [16](#Fig16){ref-type="fig"}d. To further evaluate how well the low-dimensional representation correlates with the source location we use a list of source locations. A list with the explosions locations is provided to us based on manual calculations, performed by an analyst by considering the phase difference between the signals' arrival times to different stations. We note that this estimation is accurate up to a few kilometers. A map of the location estimates colored by source quarry is presented in Fig. [17](#Fig17){ref-type="fig"}a. Then, we apply Canonical Correlation Analysis (CCA) to find the most correlated representation. The transformed representations $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{V}}$$\end{document}$ are 0.88 and 0.72.Fig. 17**a** A map with source locations of 352 explosions. Points are colored by quarry cluster. **b** A CCA based representation of the latitude and longitude of the explosions. **c** A CCA based representation of the two leading DM coordinates extracted based on the proposed scaling (appear in Fig. [16](#Fig16){ref-type="fig"}d)

In the second test case, we use additive Gaussian noise to "degrade" the signal. We use $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _0$$\end{document}$ (Singer et al. [@CR48]) scheme seem to break at the same noise level. The standard deviation approach is robust to the noise level, this is because it essentially performs whitening of the data. However, this also obscures some of the information content when the noise is of low power. The proposed approach seems to outperform all alternative schemes for this test case.Fig. 18Highest correlation coefficient between the DM representation extracted using various scaling schemes. The x-axis corresponds to the variance of the additive Gaussian noise

Classification of seismic events {#Sec25}
--------------------------------

Automatic classification of seismic events is useful as it may reduce false alarm warnings on one hand, and enable monitoring nuclear events on the other hand. To evaluate the proposed scaling for classification of seismic events, we use a set with 46 earthquakes and 62 explosions all of which were recorded in Israel. A low-dimensional mapping is extracted by using DM with various values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{\rho _{\Psi }}$$\end{document}$ were annotated. It is evident that for classification the estimated values are indeed close to the optimal values, although they do not fully coincide. Nevertheless, they all achieve high classification accuracy.Fig. 19Classification accuracy vs. value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _0,\epsilon _{\text {MaxMin}},\epsilon _{std}$$\end{document}$) are annotated on the plots. Left panel: Classification using KNN (K = 2). Right panel: Classification using Support Vector Machine (SVM)

Conclusions {#Sec26}
===========
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                \begin{document}$$\epsilon $$\end{document}$ of the widely used Gaussian kernel is often crucial for machine learning algorithms. As happens in many tasks in the field, there does not seem to be one global scheme that is optimal for all applications. For this reason, we propose two new frameworks for setting a kernel's scale parameter tailored for two specific tasks. The first approach is useful when the high-dimensional data points lie on some lower dimensional manifold. By exploiting the properties of the Gaussian kernel, we extract a vectorized scaling factor that provides a natural feature selection procedure. Theoretical justification and simulations on artificial data demonstrate the strength of the scheme over alternatives. The second approach could improve the performance of a wide range of kernel based classifiers. The capabilities of the proposed methods are demonstrated using artificial and real datasets. Finally, we present an application for the proposed approach that helps learn meaningful seismic parameters in an automated manner. In the future, we intend to generalize the approach for the multi-view setting recently studied in Lindenbaum et al. ([@CR29]), Salhov et al. ([@CR43]), Lederman and Talmon ([@CR25]).

Appendix {#Sec27}
========

**Dimensionality from Angle and Norm Concentration (DANCo)**Ceruti et al. ([@CR7]) DANCo is a recent method for estimating the intrinsic dimension based on high-dimensional measurements. The estimate is based on the following steps: For each point $\documentclass[12pt]{minimal}
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<https://www.kaggle.com/khoongweihao/covid19-xray-dataset-train-test-sets>.
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